Ionic polymer transducers ͑IPTs͒, also known as ionic polymer-metal composites, are soft sensors and actuators which operate through a coupling of microscale chemical, electrical, and mechanical interactions. The use of an ionic liquid as solvent for an IPT has been shown to dramatically increase transducer lifetime in free-air use, while also allowing for higher applied voltages without electrolysis. In this work, we apply Nernst-Planck/Poisson theory to model charge transport in an ionic liquid IPT by considering a certain fraction of the ionic liquid ions as mobile charge carriers, a phenomenon which is unique to ionic liquid IPTs compared to their water-based counterparts. Numerical simulations are performed using the finite element method to examine how the introduction of another pair of mobile ions affects boundary layer charge dynamics, concentration, and charge density distributions in the electric double layer, and the overall charge transferred and current response of the IPT. Due to interactions with the Nafion ionomer, not all of the ionic liquid ions will function as mobile charge carriers; only a certain fraction will exist as "free" ions. The presence of mobile ionic liquid ions in the transducer will increase the overall charge transferred when a voltage is applied, and cause the current in the transducer to decay more slowly. The additional mobile ions also cause the ionic concentration profiles to exhibit a nonlinear dynamic response, characterized by nonmonotonic ionic concentration profiles in space and time. Although the presence of mobile ionic liquid ions increases the overall amount of charge transferred, this additional charge transfer occurs in a somewhat symmetric manner. Therefore, the additional charge transferred due to the ionic liquid ions does not greatly increase the net bending moment of the transducer; in fact, it is possible that ionic liquid ion movement actually decreases the observed bending response. This suggests that an optimal electromechanical conversion efficiency for bending actuation is achieved by using an ionic liquid where only a relatively small fraction of the ionic liquid ions exist as free ions. Conversely, if it is desired to increase the overall amount of charge transferred, an ionic liquid with a large fraction of free ions should be used. These theoretical considerations are found to be in good qualitative agreement with recent experimental results.
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I. INTRODUCTION
Ionic polymer transducers ͑IPTs͒, also known as ionic polymer-metal composites ͑IPMCs͒, are an emerging class of smart materials with applications as soft sensors and actuators. These transducers consist of an ion-exchange membrane ͑typically Nafion͒ placed in a certain cation form ͑such as Li + or Na + ͒, solvated with a polar solvent, and electroded on both sides. When a dc voltage ͑1-5 V͒ is applied to the faces of an IPT in a cantilever configuration, the transducer will bend toward the anode as shown in Fig. 1 . Conversely, a voltage will be generated by an IPT when a mechanical deformation is imposed. These transduction properties are the result of ion and solvent transport through the thickness of the membrane. Recent work has specifically focused on using ionic liquids in IPTs. [1] [2] [3] [4] [5] [6] [7] [8] [9] The environmental and electrochemical stability of an ionic liquid in actuator systems allows for lasting device performance in free-air usage and at higher applied potentials. 10, 11 In order to model actuation and ultimately improve the performance of IPT actuator systems, an accurate description of the charge transport mechanisms is needed. To this end, modeling efforts have focused on a description of ion transport in IPTs by applying the Nernst-Planck/Poisson ͑NPP͒ system of equations, and taking the neutralizing countercation to be the only mobile ionic species. [12] [13] [14] [15] [16] [17] However, this description is incomplete for newly developed actuator systems which use ionic liquids as solvent. In an ionic liquid IPT, there are three mobile ions: the neutralizing cation and both the anion and cation of the ionic liquid. Specific interactions of the ionic liquid with the ionomer cause not all of the ionic liquids to be "free," i.e., to move under migration with the application of an applied electric field. Recent exa͒ Electronic mail: ngbourne@umich.edu. perimental work has examined how the use of different ionic liquids affects actuator performance and charge transport characteristics. 6, 7, 9 Here, we seek to model the dynamic electrochemical response of an ionic liquid IPT, specifically looking at how the introduction of another pair of mobile ions influences boundary layer charge dynamics, concentration, and charge density distributions in the electric double layer, and the overall charge transferred and current response of the IPT. We consider a certain fraction of the ionic liquid ions as mobile, and demonstrate through numerical simulations how this affects the charging response. As the amount of free ionic liquid ions increases, the ionic concentration profiles are seen to exhibit a nonlinear dynamic response, a feature of electrochemical systems which is discussed by Bazant et al. 18 for the case of a binary electrolyte. However, since the IPT has fixed anionic groups, the charge transport problem in the present case becomes highly asymmetric, and it is seen that the nonlinear dynamics are only present when there are free ionic liquid ions in the system. Additionally, the boundary layer charge distributions and the overall amount of charge transferred will change with the addition of mobile ionic liquid ions. We discuss these effects in relation to the actuation and charging response of the transducer, and make suggestions for performance improvements which can be applied to future device development. The paper is organized as follows. In Sec. II A, we describe the ionic liquid IPT system and the assumptions made in order to formulate a model of charge transport. Using NPP theory, the governing system of equations and numerical solution procedure is given in Secs. II B and II C, and the results of the numerical simulations are presented and discussed in Sec. III. Finally, in Sec. V, we summarize and give suggestions for transducer development.
II. MODEL DEVELOPMENT

A. Actuation mechanisms
When a voltage is applied to the faces of an IPT, the mobile ions in the ionomer will move to screen the applied field. The movement of ions causes the formation of thin layers near each electrode that have an excess or a depletion of charge. These layers, referred to as boundary layers, are the "active regions" during actuation. Electrostatic interactions between the ions cause pressures to develop in the boundary layers, and the resulting pressure gradient causes the movement of solvent molecules. The boundary layers will either expand or contract as the solvent molecules move to neutralize the pressure gradient, causing an elastic deformation of the polymer backbone material. Equilibrium will consist of a balance between electrostatic interactions, migration and diffusion potentials, and the resulting elastic stress from boundary layer expansion or contraction. It is found that the cathode boundary layer ͑CBL͒ undergoes a larger expansion than the anode boundary layer ͑ABL͒, and thus an IPT in a cantilever configuration will bend toward the anode as shown in Fig. 1 .
From previous experimental and theoretical studies, it is known that the actuation of an IPT is a direct function of the charge transported when a voltage is applied. Akle et al. 19 demonstrated that IPT actuation performance is directly related to capacitance, and thus a direct function of the charge transferred. Onishi et al. 20 showed that the overall charge transferred increased with the number of gold platings, but that the optimal number of platings was a midrange value because of the increase in IPT stiffness with number of platings. Asaka and Oguro 21 and Shahinpoor and Kim 22 modeled the deformation of an IPT as the result of solvent flux due to electro-osmosis and changes in osmotic pressure, which varies linearly with the volumetric charge density in the polymer. Porfiri 16 and Chen et al. 23 used a similar relationship for electromechanical coupling, saying that the stress in the polymer ͑and thus the bending moment generated during actuation͒ is linearly related to the volumetric charge density. Leo et al. 24 modeled the stress developed in the polymer during actuation as a sum of linear and quadratic terms of the spatially varying volumetric charge density. This same relation for electromechanical coupling was also used by Wallmersperger et al. 13 Nemat-Nasser 12 stated that transported charge causes electrostatic and osmotic pressures to develop in the polymer, which in turn cause solvent flux, boundary layer expansion, and actuation. Our previous work utilizes this approach in modeling ionic liquid IPTs. 8 Other research has focused on equivalent circuit representations of an IPT. [25] [26] [27] [28] [29] [30] Farinholt and Leo 29 include a theoretical and experimental analysis of the impedance response of IPTs in the frequency domain.
NPP theory is commonly used to describe ion transport in electrochemical systems ͑see, for example, Ref. 31͒, and has been previously applied in analyzing the charge transport characteristics of an IPT. An analytical solution for the equilibrium charge distribution considering a single mobile ionic species in an IPT was given by Nemat-Nasser, 12 and numerical solutions featuring a coupling to the actuation response were obtained by Wallmersperger et al. 13, 14, 17 Porfiri showed that the capacitance of an IPT is a decreasing function of the applied voltage, 15 and incorporated these results into an actuation model to demonstrate the influence of electrode structure on charge transferred and actuation performance. 16 Aureli et al. 32 demonstrated how rough electrodes lead to a large increase in capacitance of the IPT, which is best described physically by a large microscopic electrode surface area while keeping the IPT permittivity within reasonable bounds; bounds for IPT permittivity are given by Porfiri. 33 Chen et al. 23 used equilibrium numerical solutions of the NPP equations to form a nonlinear circuit model of an IPT. Numerical solutions of the NPP equations in other electrochemical applications have used both the finite difference and finite element methods. Here, we use the finite element method following Lim et al. 34 to obtain numerical solutions to the system of governing equations.
Wallmersperger et al. 35 used the NPP equations as the basis for a coupled electrochemomechanical model of actuation of ionic polymer gels, and used the finite element method to perform numerical simulations of the response. In Ref. 35 , there is a fixed anionic species in the gel, and mobile anions and cations in the gel and surrounding solution. Although multiple mobile ionic species are considered, the boundary conditions and system configuration are signifi-cantly different than that under present consideration for the ionic liquid IPT, and the transient response in the boundary layers is not a focus of the modeling effort in Ref. 35 . A model of multiple mobile ionic species in an ionic liquid IPT currently does not exist in the literature, although several phenomenological discussions regarding this phenomenon in ionic liquid IPTs have recently appeared. 6, 7, 9 Our mathematical description of charge transport mechanisms in ionic liquid IPTs is based on the results in Refs. 1 and 36, where ionic liquid IPTs were characterized using small-angle x-ray scattering ͑SAXS͒, Fourier transform infrared spectroscopy ͑FTIR͒, and nuclear magnetic resonance spectroscopy ͑NMR͒. The spectroscopic characterizations led to the conclusion that the countercation is still the main mobile charge carrier in an ionic liquid IPT. FTIR results were used to find the critical uptake of ionic liquid, i.e., the uptake which leads to nearly complete dissociation of the counterions from the fixed anion sites, for membranes in different counterion forms. Alkali metal NMR was performed for ionic liquid-swollen Nafion membranes exchanged with Li + , Na + , and Cs + counterions as a function of ionic liquid uptake, and the results were used to identify the mobility of the countercation as a function of uptake, using a procedure similar to that done by Komoroski and Mauritz. 37, 38 It was found that the mobility of the countercation increases with increasing uptake, reaching a max at high uptake levels, These results were used to describe charge transport mechanisms; the proposed model indicated that the counterions are the primary charge carriers and move through the membrane by "hopping" along ionic liquid anion sites, and that the most important parameter in determining the mobility of the countercation is the amount of ionic liquid present above the critical uptake. Building on these results, we take the countercation to be the main mobile ionic species and consider the presence of an additional pair of mobile ions, which correspond to mobile ionic liquid ions. In this, we aim to identify some of the mechanisms which differentiate ionic liquid IPTs from their water-based counterparts.
B. Transport equations
Ion flux in response to an applied voltage is described by the Nernst-Planck equation
where J i is flux, D i is the diffusion coefficient, c i is concentration, and z i is the charge of species i. Symmetry along the length and width of the IPT is presumed to reduce the problem to only the through-thickness direction x, as shown in Fig. 2 . Recent results using NMR spectroscopy have shown that Nafion displays a certain degree of diffusion anisotropy, which may result from preferential channel alignment along one of the normal axes created by the manufacturing process. 39 Because of the electrode configuration of an IPT, only the through-thickness direction needs to be considered for actuation, and therefore diffusion anisotropy is not modeled. Equation ͑1͒ is obtained by modeling the ions as point charges, and therefore tends to predict large increases in concentration near the electrodes. At higher applied voltages, as will be demonstrated in Sec. III D, the use of Eq. ͑1͒ with three mobile ionic species leads to unrealistic predictions for ionic concentrations. Steric effects due to the large sizes of the ionic liquid ions need to be accounted for to accurately model the ionic liquid ions at higher applied voltages, and this can be done using the modified NPP theory discussed in Refs. [40] [41] [42] . The use of a modified set of NPP equations applied specifically to model ionic liquids is discussed by Kornyshev 42 and Fedorov and Kornyshev. 43 Applied to a neat ionic liquid, steric effects are accounted for by imposing a maximum concentration for the ionic liquid ions. However, for an IPT system, allowing an ionic liquid ion to reach a concentration higher than its neat solution maximum is correct in a model to a certain extent, since the boundary layers can expand and make room for more ions to fit in. This justifies the use of the classic NPP theory at low applied potentials; however, the range of applicability of Eq. ͑1͒ is clearly limited for ionic liquids and the modified theory of Refs. 40-42 needs to be included to model ion transport in ionic liquid IPTs at actuator operating voltages. Nonetheless, a test case considering a low applied voltage using NPP theory can give insight into the movement of multiple mobile ionic species and the resulting charge transport characteristics which are unique to ionic liquid IPTs. We take this approach here. The application of a set of modified NPP equations to model ionic liquid IPTs has been a subject of our recent work. 44 Modeling the electrodes as blocking electrodes, the initial conditions and boundary conditions are
The transient behavior of the mobile ions is determined by combining Eq. ͑1͒ with the expression for conservation of mass
and the resulting equation is solved along with the Poisson equation ‫ץ‬ 2
to obtain the transient charge transfer response. Using the boundary conditions ͓Eq. ͑2͔͒ along with Eq. ͑4͒, it is seen that the potential distribution in the membrane is initially linear, given by = V 0 x / ͑2h͒. In Eq. ͑4͒, ⑀ is the effective permittivity of the IPT, which is defined using a bulk capacitance measurement to incorporate some effects of the interpenetrating electrodes. It is also approximated that ⑀ is constant through the thickness of the polymer, which will likely not hold in the boundary layers due to molecular reorientation. However, as is commonly done in modeling the electric double layer, this effect is ignored and the permittivity is taken to be constant. The definition of ⑀ using a bulk capacitance measurement effectively changes the length scale of the problem by increasing the Debye length
and therefore the size of the boundary layers relative to the total thickness of the polymer, 2h. With this approximation, predictions for the amount of charge transferred when a voltage is applied become on the order of experimental results. Using a capacitance measurement of 0.05 mF/ cm 2 for an ionic liquid IPT ͑Ref. 2͒ and a hydrated polymer thickness of 200 m, a simple parallel plate capacitor model yields a very large effective permittivity, ⑀ = 1.13ϫ 10 7 ⑀ 0 . Alternatively, the local effective permittivity can be calculated by considering a mixture of ionic liquid, Nafion, free water, and bound water, which have relative permittivities of 15.1, 3, 78, and ϳ7.5, respectively. 33, 45, 46 Hashin-Shtrikman bounds are given in Ref. 33 for the permittivity of water-hydrated Nafion, where a sample with volume fraction of 0.3 ͑volume solvent/total volume͒ was said to have a permittivity in the range 6.4Ͻ ⑀ Ͻ 20. For the ionic liquid IPT system, the bounds for permittivity will be lower than this, since an ionic liquid has a permittivity much less that of free water. The two definitions lead to vastly different values of the effective permittivity which differ by ϳ6 orders of magnitude. The parallel plate capacitor approximation leads to a large value since the assumption is made that the IPT behaves as a linear dielectric, i.e., there is a linear drop in potential across the whole membrane and therefore the distance between plates of an equivalent capacitor is equal to the thickness of the membrane. Because of the mobile ions, there will only be a potential drop ͑at equilibrium͒ over each thin boundary layer, and therefore an equivalent capacitor for the IPT is better described as two series capacitors, each having a distance between capacitor plates on the order of the Debye length. The thinness of the boundary layers leads to the large capacitance of an IPT. Aureli et al. 32 and Porfiri 33 showed that the electrode structure is best represented by specifying the microscopic surface area of the electrode and using a local value for the permittivity calculated from a mixture formula. Although this definition may give more direct information about the electrode structure, it leads to numerical instabilities due to the small relative size of the boundary layers to the thickness of the polymer, / h. The definition of ⑀ using an approximate capacitance measurement has been shown to yield a good comparison with experimental results, 12, 13 and this approach is taken here. Further justification for this choice can be taken from the results of applying the method of matched asymptotic expansions to solve the NPP equations. 15, 16, 18, 41, 44 From these results, the total charge transferred is independent of the polymer thickness, but the boundary layer charging characteristics depend on the time scale C = h / D + , where D + is the diffusion coefficient of the countercation. This time scale depends on both the Debye length and the polymer thickness and will be further discussed in Sec. III B. As long as / h Ӷ 1 and c i ͑bulk͒ϳc i ͑t =0͒ hold, the use of an overly large effective permittivity only changes the time scale for the problem. This means that the large effective permittivity can be used in a numerical analysis to obtain the dominant charge transfer characteristics and will only tend to alter the characteristic time scale associated with the response ͑to a first order approximation͒. The nonlinear dynamic response associated with the transient ionic concentration profiles is also slightly affected by this definition; this is discussed in Sec. III B. In Sec. III D, we give an example of when c i ͑bulk͒ϳc i ͑t =0͒ does not hold, and the numerical analysis and underlying theory are therefore not applicable.
C. Solution procedure
In this analysis there are three mobile ionic species and one fixed negatively charged species. Unlike a typical binary electrolyte solution, this configuration gives rise to a highly asymmetric charge distribution. A finite element method is used to solve Eqs. ͑1͒, ͑3͒, and ͑4͒, and is implemented following the approach of Lim et al. 34 for modeling two mobile ionic species. First, the equations are nondimensionalized ͑denoted by the tilde accent͒ using
where c 0 is the concentration of the fixed anionic groups and = 2 / D + is the Debye time, which is defined using the diffusion coefficient of the countercation, D + . The correct time scale for the charge transport problem is actually the charging time,
18,41 C = h / D + , as will be discussed in Sec. III B. However, to obtain numerical solutions, the Debye time is used in the mathematical formulation and the results are later renormalized. The equations are now written as
where the diffusion coefficients D i are normalized with respect to the diffusion coefficient of the countercation. The nondimensional form of the initial and boundary conditions is
where h = h / is the nondimensionalized thickness parameter ͑2h is the thickness of the polymer layer-see Fig. 2͒ . The charge transferred per unit surface area can be calculated as the integral of the charge density over half of the system, i.e.,
This expression for charge stored in the boundary layers is only valid when the boundary layer size is much smaller than the polymer thickness, i.e., Ӷh. When ϳ h an alternate expression would be required; however, this is never the case for an IPT. Here, also since conservation of charge is enforced by the zero flux boundary condition in Eq. ͑8b͒, the integral over either half of the domain can be used to determine charge transferred. The current is the change in charge transferred with respect to time
These are numerically calculated in the finite element framework by defining the appropriate matrix operators to integrate for charge transferred, and differentiate with respect to time to calculate current, as described in Appendix A. Both the charge transferred and current depend on a sum over all the ionic species, and therefore vary directly with the charge density distribution in the membrane. The transient current in response to an applied voltage is the quantity most readily measured experimentally. Details on the finite element solution procedure are given in Appendix A.
III. NUMERICAL RESULTS
A. Parameter description
The system in consideration is an ionic liquid IPT, a common example of which uses EMI-Tf ionic liquid as solvent and Li + as the neutralizing countercation. The ionomer membrane is Nafion 117, which has an equivalent weight of 1100 g and is given a swollen thickness of 200 m to represent an ionic liquid-swollen membrane in an actuator. The three mobile ions are denoted as +, IL − , and IL + for the countercation, ionic liquid anion, and ionic liquid cation, respectively, and the anionic sulfonate groups of the Nafion membrane are considered fixed. The effective Debye length is defined using a capacitance measurement of 0.05 mF/ cm 2 for an ionic liquid IPT, 2 which yields = 0.152 m. The concentration of the ionic liquid ions in the polymer is known simply from the uptake. However, unlike in a neat ionic liquid, all of the ions of the ionic liquid will not be available to separate and selectively move toward the electrodes. Due to interactions with the Nafion ionomer, some of the ionic liquid ion pairs will continue to exist as dipoles and quadrupoles even when a voltage is applied. Since the amount of free ionic liquid ions is not known, we allow this parameter to vary in the numerical solutions by defining the ratio
In an ionic liquid IPT, there will still be water in the system from an equilibration with room humidity. In Ref. 8 , it was determined that the average water uptake for Nafion at an equilibrium with typical room humidity is ϳ0.155 ͑vol-ume water/volume dry polymer͒. This accounts for the estimated water content of ϳ1 water molecule per sulfonate group still remaining in Nafion after drying in a vacuum at room temperature until equilibrium. 47, 48 Water will also exist in the neat ionic liquid, and its presence will generally decrease the viscosity, increase the ionic conductivity, and decrease the electrochemical window of the ionic liquid. 49 Recently, experimental results using in situ proton NMR have shown that on the order of one water molecule per ionic liquid cation-anion pair will exist in Nafion swollen with EMI-Tf ionic liquid in addition to the equilibrium water content of the membrane. 50 With these considerations, the number of ionic liquid ion pairs per sulfonate group, n IL , and the number of water molecules per sulfonate group, n w , are calculated as
where w = V solvent / V polymer is the solvent uptake, w w is the average water uptake before adding ionic liquid, EW is the equivalent weight and B is the dry density of the ionomer, and V w and V IL are the partial molar volumes of water and ionic liquid, respectively. Using w w = 0.155, EW = 1100 g / mol, B = 2.0 g / cm 3 , V w =18 cm 3 / mol, and V IL = 187.2 cm 3 / mol for EMI-Tf ionic liquid, an ionic liquid IPT with a total solvent uptake of 80 vol % has an ionic liquid uptake of 58 vol % ͑ϳ40 wt %͒, or n IL = 1.7. This corresponds to the uptakes of the ionic liquid actuators fabricated in Ref. 7 . However, as discussed by Li et al., 50 uptakes as high as n IL = 4.4 can be achieved by longer periods of soaking while heating near the glass transition temperature of Nafion. Therefore, for typical ionic liquid IPT actuators, an approximate range for the number of ionic liquid ions per sulfonate group can be established as 1 Ͻ n IL Ͻ 4.5, with most actuators having n IL ϳ 2.
Since the countercation is expected to still be the main mobile charge carrier, we take ␣ to be small in the numerical calculations. It is likely that the number of free ionic liquid anions and cations is not equal, possibly with more free cations because of the association of counterions with ionic liquid anions, and because some of the counterions may be exchanged with ionic liquid cations via diffusion when the membrane is swollen with ionic liquid. The applied field may also affect the amount of free ionic liquid ions. Free ions only exist when the interaction energy between the ions is overcome by other exchanges of energy. At equilibrium, the probability distribution of the energies of the individual molecules will follow a Boltzmann distribution, and ion pairs with energies greater than a certain threshold will dissociate. The energy required for dissociation of the ionic liquid ion pairs in Nafion will be different from that of a neat ionic liquid due to interactions with the ionomer. This determines the initial amount of free ions. When a voltage is applied, the electric field will act as an applied force which polarizes the ionic liquid ion pairs and causes more pairs to dissociate. In the initial nonequilibrium period as current flows due to ion movement, there will be a nonzero electric field through the thickness of the membrane. At equilibrium, there will be a large electric field in each boundary layer, but the potential in the bulk region outside the boundary layers will be constant. The transient nonequilibrium electric field in the bulk region causes the amount of free ionic liquid ion pairs to increase as the system moves toward equilibrium. The probability of an ion pair being dissociated by the applied electric field varies with the magnitude of the applied field, and thus the rate at which ion pairs in the bulk region become dissociated will decrease exponentially with time. For a larger applied voltage, the field will initially be greater in magnitude and more ion pairs will become dissociated. Therefore, the total amount of free ionic liquid ions will increase with time as the system moves toward equilibrium, and at equilibrium will vary with the magnitude of the applied voltage. However, the extent of this effect is unknown, and in the present analysis we take ␣ to be constant for simplicity.
Due to their large sizes, the ions of the ionic liquid are expected to move more slowly than the small countercations. As a first approximation, the diffusion coefficients of the ionic liquid ions are given an equal value, denoted as
Due to interactions with the ionomer and the different sizes of the ions, this is known to not be the case in a real system. Li et al. 50 used NMR to measure the diffusion coefficients of the anion and cation of EMI-Tf ionic liquid in Nafion, and the results at room temperature showed an average ratio of D IL + / D IL − = 1.5 ͑averaged over different ionic liquid uptakes͒, with this ratio decreasing with uptake. However, again for simplicity, we retain the approximation of equal diffusion coefficients in order to examine the dominant trends in the charge transfer response when mobile ionic liquid ions are present.
B. Transient ionic concentration profiles
The finite element method is used to solve the governing equations given in Sec. II C and was implemented in a MATH-EMATICA code. To analyze the response, a test case with an applied voltage of V 0 = 0.15 V is considered. This is low compared to typical IPT operating voltages ͑ϳ1 V͒, but we will show in Sec. III D that the use of classic NPP theory at higher applied voltages with 3 mobile ionic species leads to unreasonably large predictions for ionic concentration at the electrodes. Nonetheless, a test case within a valid voltage range can give insight into the mechanisms of ion transport, and these results are shown here. but a smaller fraction of free ionic liquid ions, ␣ = 0.1 and ␤ = 0.1. Recall that ␣ is the fraction of free ionic liquid ions to counterions and ␤ is the relative diffusion coefficient of the ionic liquid ions to the counterion. These parameter values are chosen since it is expected that the countercation is still the main mobile charge carrier and that the ionic liquid ions move slowly compared to the countercation due to their large sizes. To display these results, time is normalized by the charging time scale C = h / D + , i.e., time is displayed using t= t / C . When the voltage is applied, the two cationic species move toward the negatively charged electrode and the anion moves toward the positively charged electrode. The concentration of each ion is exponentially increasing at these corresponding electrodes, and the maximum concentration at the electrode for t= 1000 is shown on each graph. The concentration of each ion is depleted at the opposite electrode, e.g., the concentration of each cation decreases at the anode compared to its initial state. With multiple mobile ionic species the transient response is nonmonotonic in space and time: at certain points the concentration will decrease and then increase, or vice versa, and the concentration of each ionic liquid ion decreases and then increases going from one electrode to the other. This effect is most noticeable for the ionic liquid anion, shown in Figs. 3͑b͒ and 4͑b͒. The nonlinear dynamic response is discussed by Bazant et al. 18 and Kilic et al. 41 for the case of a binary electrolyte solution. For a water-based IPT, where ␣ = 0, the dynamic response is linear ͑i.e., monotonic͒ as shown in Fig. 5 . The equilibrium ionic concentration profile of the countercation in Fig. 5 is compared to results generated using the matched asymptotic expansion solution procedure in Ref. 15 , showing an excellent agreement. This agreement is expected since the basic assumption that must hold for the matched asymptotic solution to be valid is / h Ӷ 1 ͑the solution considers the limit as / h → 0͒, and for these numerical results we used / h = 1.52ϫ 10 −3 , which is Ӷ1. Note that in Ref. 15 the results of the matched asymptotic analysis were compared and found to be in excellent agreement with the numerical results in Wallmersperger et al., 14 so the results of our present numerical analysis for ␣ = 0 are thus consistent with previous numerical solutions of the NPP equations for a single mobile ionic species in IPTs.
In Fig. 4 , where ␣ = ␤ = 0.1, we see that even a small amount of mobile ionic liquid ions causes the concentration profiles of all the ions to exhibit some nonlinear dynamics. With ␣ = 0.1, the countercation is the main mobile charge carrier and only shows a small amount of nonlinear dynamics. In this case, the biggest difference in the response versus a water-based IPT ͑where ␣ =0͒ is in the ABL, where the presence of a mobile anion now causes there to be a region of increasingly negative charge density near the electrode.
For each parameter set, the time needed for the system to reach equilibrium is much longer than for the case of ␣ =0, which is shown in Fig. 5 . Even for the case of ␤ =1 ͑all ion diffusion coefficients equal͒ the time needed to reach equilibrium will be much longer than that needed for a waterbased IPT due to the nonlinear dynamic response, which introduces an additional diffusive time scale. With multiple mobile ionic species a total of three time scales emerge: the Debye time = 2 / D + , a charging time scale dependent on the Debye length, C = h / D + , and a diffusive time scale de- pendent only on the size of the system, D = h 2 / D + . The Debye time corresponds to the time needed for ions to move into the boundary layers. During charging, the boundary layers will be in a state of quasi-equilibrium with the bulk region, with their composition determined at leading order by the potential drop from the diffuse region to the bulk region ͑the zeta potential͒. Defining the zeta potential for each boundary layer to be the difference in potential at the electrode with the potential at the beginning of the bulk region, where charge density is zero, the zeta potential varies with time according to the charging time scale C . The total amount of charge transferred thus depends on C . The additional diffusive timescale D contributes to the response when large amounts of ion adsorption create a temporary local depleted region just outside the boundary layers. 18 This leads to a nonlinear dynamic response, the extent of which depends on the ionic concentrations and applied voltage. Bazant et al. 18 discuss this behavior and gives limits for weakly and strongly nonlinear behavior considering a typical binary electrolyte solution. However, these bounds do not apply to an IPT system due to the asymmetric nature of the charge transfer problem. When ␣ = 0, only linear dynamics are present as shown in Fig. 5 . When ␣ Ͼ 0, the nonlinear response becomes visible, as shown in Figs. 3 and 4 .
As noted in Ref. 8 , the nonmonotonic concentration profiles of the ions are more prevalent when ␤ is small, i.e., when the ionic liquid ions move more slowly than the countercations. Considering the large sizes of the ionic liquid ions compared to the countercation and the experimental observation that ionic liquid IPTs actuate more slowly than waterbased IPTs, it is realistic to take ␤ as small. The increased nonlinear dynamic response for small ␤ can be explained by considering the transient potential distribution in the membrane, an example of which is shown in Fig. 6 . For ␤ Ӷ 1, i.e., the ionic liquid ions move much slower than the counterions, the response can be considered as two problems, each separately in equilibrium with the other: an asymmetric problem for the countercation and a ͑mostly͒ antisymmetric problem for the ionic liquid ions. The response for the ionic liquid ions will only be completely antisymmetric in the limit of low applied voltage, since the response defined in this manner depends on the spatially varying potential distribution due to the movement of the countercation, which is antisymmetric at low applied voltages but soon becomes quite asymmetric. For the case of ␤ Ӷ 1, it can be approximated that the countercation has reached its equilibrium distribution before the ionic liquid ions start to move into the boundary layers. In this case there will be a large potential gradient near the boundary layers, and zero potential gradient in the bulk region. Ionic liquid ions will move under migration into the boundary layers, causing the formation of a depleted region which will fill in via diffusion according to the diffusive time scale D as the system moves toward equilibrium. Now consider the case of ␤ = 1. As ionic liquid ions move into the boundary layers, a depleted region will still form, but now the countercation will not have reached its equilibrium distribution. There will still be a potential gradient in the bulk region and ionic liquid ions will initially move under diffusion and migration to fill in the depleted region. As the potential gradient in the bulk goes to zero, the ionic liquid ions will continue to move under diffusion to fill in the depleted region, but the region will already be somewhat filled in due to the initial "help" from migrative flux via the nonequilibrium bulk potential gradient. Thus, the case of ␤ Ӷ 1 displays more nonlinear dynamics in reference to the transient concentration profiles of the ionic liquid ions. Because of the asymmetry of the problem, the countercation concentration profile also shows the most nonlinear dynamic behavior when ␤ Ӷ 1.
In examining the nonlinear dynamic response from the numerical results, the use of the effective permittivity ⑀ to define a large Debye length should be kept in mind. This definition increases C , making it closer to, although still much less than, D . If ⑀ was set to a value corresponding to the local permittivity, C would decrease and it is likely that the results would show more of a nonlinear dynamic response, since C and D would then be farther apart. Figure 6 shows the potential distribution with respect to time for the same parameter values used in Fig. 3 , ␣ = 0.25 and ␤ = 0.1. Because of the asymmetry in the concentrations of mobile anions and cations, the potential distribution will be asymmetric. The potential in the bulk region where the charge density is zero will be linear, eventually reaching a constant, nonzero value at equilibrium. This equilibrium bulk potential "offset" is caused by asymmetry and will be largest for the case with the largest asymmetry in mobile ion concentrations, i.e., for a water-based IPT with ␣ = 0. For an IPT, the nonzero bulk potential at equilibrium is negative and thus tends to decrease the magnitude of the zeta potential in the CBL and increase it in the ABL. Since there are a larger number of mobile cations available to move into the CBL than mobile anions available to move into the ABL, the nonzero bulk potential thus tends to decrease the overall amount of charge transferred. In the boundary layer region nearest the electrodes, Fig. 6͑b͒ shows that the potential follows an exponential distribution. Figures 3 and 4 showed the nonlinear dynamic response of the individual ionic concentration profiles. The nonmonotonic behavior comes from the presence of an additional diffusive time scale, D . Because of the coupling between the chemical and electrical fields in the NPP equations, diffusive movement will also slightly affect the charge density, which is calculated in nondimensional form as
C. Potential, charge density, charge transferred, and current
However, the change in charge density induced by diffusive movement is quite small compared to the magnitudes of charge density in the boundary layers, and the overall boundary layer charging process is dominantly monotonic in terms of charge density. To compare the charge density for an ionic liquid IPT versus a water-based IPT we therefore just compare equilibrium results. Figure 7 shows the equilibrium charge density profiles for an applied voltage of 0.15 V and different amounts of free ionic liquid ions. The relative diffusion coefficient of the ionic liquid ions only affects the charging dynamics, so the equilibrium response is only affected by ␣. In comparing the ionic liquid IPT charge density distributions ͑␣ Ͼ 0͒ with that of a water-based IPT ͑␣ =0͒, the most notable difference is in the ABL which now has an increasingly negative charge density due to the presence of a mobile anion. Additionally, the magnitude of the maximum charge density at both the anode and cathode is larger for larger values of ␣.
The charge transferred and current with respect to time are shown in Figs. 8 and 9 for different parameter sets of ␣ and ␤. In Figs. 8͑a͒ and 9͑a͒ , the fraction of free ionic liquid ions is held constant and the relative diffusion coefficient of the ionic liquid ions is varied, and in Figs. 8͑b͒ and 9͑b͒ the relative diffusion coefficient of the ionic liquid ions is held constant and the fraction of free ionic liquid ions is varied. For comparison, the result for a water-based IPT, i.e., ␣ =0, is also shown on each graph, and compared to results generated using the solution method in Ref. 15 . In Fig. 8͑a͒ , only the transient response is affected when ␤ is varied. The total amount of charge transferred as t → ϱ is independent of ␤, but strongly depends on ␣, as is demonstrated in Fig. 8͑b͒ . As ␣ increases, the total amount of charge transferred will increase. When ␤ Ӷ 1, the ionic liquid ions move more slowly and thus the maximum charge transferred is reached at later times-this is shown in Fig. 8͑a͒ by the different shapes of the curves. For the water-based IPT represented by ␣ = 0, the total amount of charge transferred is less than that for the ionic liquid IPT cases, and the equilibrium charge transferred is reached more quickly.
In Fig. 9 , the difference between an ionic liquid IPT and a water-based IPT is clearly seen. The initial current response is determined mostly by the quick movement of the counterion. For the water-based IPT represented by ␣ = 0, the current decay is nearly a neat exponential so it shows as approximately linear when plotted on a log scale. For the ionic liquid IPT, the slower ionic liquid ions cause the current to deviate from neat exponential behavior. This highlights a difference that has been observed experimentally for ionic liquid IPTs: the current decays more slowly than that for a water-based IPT. However, the slower current decay seen in experimental results is likely also due to a difference in ionic mobility of the countercation in an ionic liquid versus waterbased IPT. Bennett 1, 36 showed that the number of ionic liquid molecules above the critical uptake is the most important parameter in determining the mobility of the countercation. The interpenetrating electrodes also play a large role in determining the transient response; this point will be further discussed in Sec. IV and Appendix B. The slow decay of the current response of the ionic liquid IPT at longer times is determined mainly by the value of ␤. In Fig. 9͑a͒ , it is seen that the current response is initially nearly the same for the different values of ␤, but becomes different at later times. When ␤ is small, the equilibrium charge transferred is reached more slowly, so current does not drop off as fast after the sharp initial drop. However, it should be noted that the change in response for different values of ␤ is only noticeable after the current has already decreased by over an order of magnitude from its initial peak value. In Fig. 9͑b͒ , varying ␣ is seen to have a different effect on the current response. As ␣ increases, the overall amount of charge transferred increases, and the slow ionic liquid ions cause the current to drop off more slowly. The change in the response is noticeable at shorter times as ␣ increases, but at long times ͑past the scale of the graph͒, the response is nearly identical for the different values of ␣ with fixed ␤. The slow current decay at long times is due to the nonlinear dynamics and occurs on the order of the diffusive timescale D . The peak current at t= 0 for the cases in Fig. 9 is similar, although it increases slightly for larger values of ␣ and ␤.
With multiple mobile ionic species, there will be multiple time scales associated with boundary layer charging ͑e.g., C and C / ␤͒. The current decay is therefore better described as stretched instead of simple exponential decay. Because the governing equations are nonlinear, the current decay is actually best described by an infinite sum, but can be well approximated by the sum of a stretched exponential and a slow-decaying exponential to capture the response at long times. Since the nonlinear dynamics contribute to the slow decay at long times, the time scales involved with current decay include C , C / ␤, D , and D / ␤.
The current response in Fig. 9 was calculated using Eq. ͑10͒, which was nondimensionalized using the Debye time, = 2 / D + . As discussed in Sec. III B, the zeta potential in the boundary layers dominantly varies with the charging time C = h / D + , and thus the dominant time scale for the charge transport problem is C . Therefore, calculations for current are displayed in Fig. 9 by computing ĩh / = ĩh. With this definition, it becomes apparent that the current through the IPT varies inversely with the polymer thickness, i.e., the magnitude of the current response will be less for an IPT with a thicker polymer membrane. Additionally, Eq. ͑9͒ shows that the total charge transferred is independent of the polymer thickness. This follows from the definition of the Debye length and is well known in analyzing the electric double layer.
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D. Ionic concentrations at higher applied voltages
As previously mentioned, classic NPP theory is not applicable to describe the ionic liquid IPT system at higher applied voltages. To illustrate, consider the boundary layer concentration profiles shown in Fig. 10 for an ionic liquid IPT system with ␣ = ␤ = 0.1 and an applied voltage of V 0 = 1 V. At equilibrium, the solution predicts that a very large amount of ions accumulate at the electrodes; the maximum calculated concentrations at t= 1000 are c + = 663, c IL − = 685, and c IL + = 60.2, which are physically unrealistic, especially for the ionic liquid ions. The case of ␣ = 0, however, still leads to reasonable results for the ionic concentration of the countercation, with a calculated equilibrium concentration of c + = 38.7 at the cathode for 1 V applied ͑not shown͒. This demonstrates that NPP theory is reasonable in the application to IPTs for voltages on the order of 1 V when a single mobile ionic species is considered, but leads to large overpredictions in concentration when considering multiple mobile ionic species, even for small values of ␣. To model the electrochemical response of the large ionic liquid ions at high applied potentials, the modified Nernst-Planck theory discussed in Refs. 40-42 needs to be used. In Secs. III B and III C, the test cases are shown with an applied voltage of 0.15 V, which is within the range of applicability of NPP theory for the ionic liquid IPT system.
IV. DISCUSSION: EFFECTS OF MULTIPLE MOBILE IONIC SPECIES ON NET CHARGE TRANSFERRED AND ACTUATION RESPONSE
When a voltage is applied to the faces of an IPT, the mobile ions in the polymer move toward the electrodes to form boundary layers. In these layers, electrostatic interactions cause a pressure gradient to form which in turn causes solvent transport, boundary layer expansion, and a macroscopically observable deformation of the entire membrane. Here, we discuss how these processes are affected by the presence of the additional mobile anion and cation in an ionic liquid IPT, and give recommendations for optimal device performance. Figure 8 demonstrates that the presence of free ionic liquid ions will tend to increase the net charge transferred in response to an applied voltage. The relationship between charge transferred and ␣, the ratio of free ionic liquid ions to counterions, also depends strongly on the applied voltage. For small V 0 , the total charge transferred will be a linear function of ␣. As V 0 increases, the relationship becomes exponential using classic NPP theory, since as shown in Sec. III D higher applied voltages lead to large overpredictions in concentration at the electrodes. Generally, if it is desired to increase the total amount of charge transferred, the total amount of free ionic liquid ions should be maximized. This would be the case, for example, to optimize the performance of a solid-state electrochemical supercapacitor.
Although the presence of free ionic liquid ions will tend to increase the total amount of charge transferred, this does not necessarily mean it will increase the actuation response in bending of a transducer. As discussed in Ref. 8 , where a micromechanics model is applied to model the actuation of ionic liquid IPTs, the effects of the mobile ionic liquid ions on actuation are from a balance of boundary layer expansion due to the finite size of the ionic liquid ions and boundary layer expansion due to changes in solvent flux caused by the different charge density distribution due to the presence of free ionic liquid ions. Because there are several mechanisms that contribute to the overall response, it is not clear whether mobile ionic liquid ions will tend to increase or decrease the actuation response in terms of displacement of an IPT. Specifically, the mobile anion will contribute to expansion of the ABL, and this expansion will make a contribution to the overall bending moment of the device. The CBL has a higher charge density and will expand by a larger amount, thus making a much larger contribution to the net bending moment than that from ABL expansion; this is why the transducer has an overall bending motion toward the anode. The bending moment created by expansion of the ABL has a sign opposite that of the CBL, and therefore will reduce the net bending moment of the transducer. However, the free ionic liquid ions also cause additional charge to be accumulated in the CBL, and this will cause an increase in the net bending moment that may or may not negate or overcome the negative contribution from ABL expansion. It is possible that even though the ionic liquid IPT will have more charge transferred for a given applied voltage ͑assuming identical electrode configurations between the ionic liquid and waterbased IPTs͒, ABL expansion will cause the ionic liquid IPT to have less bending tip displacement than the water-based IPT.
Since the mobile anion will have a negative effect on bending actuation, this suggests that the maximum electromechanical conversion efficiency for bending movement of an ionic liquid IPT actuator may occur when ␣ is small. This effect was confirmed qualitatively in Ref. 7 , where IPTs with four different ionic liquids were examined experimentally. These authors concluded that the IPTs with EMI-Tf had the highest capacitance but lowest electromechanical conversion efficiency in regards to actuation, and that the IPTs with EMI-BF 4 had the lowest capacitance but highest electromechanical conversion efficiency. From ab initio electronic structure calculations using the hybrid B3LYP functional with a 6-31+ G ‫ء‬ basis set, it was also found that EMI-Tf had the lowest binding energy while EMI-BF 4 had the highest. Liu et al. 7 explained the difference in response by saying that the tightly bound EMI-BF 4 ions form double and triple-ion clusters which move very slowly under the applied field. These results can be explained with our model by taking ␣ to be higher for the EMI-Tf IPT versus the EMI-BF 4 IPT. It should be noted, however, that the transducers in Ref. 7 were likely in proton form ͑it was not stated whether the counterion was exchanged͒, and the mechanisms of charge transport for protons versus alkali metal ions in Nafion are known to be different. Protons move through both the Grotthuss mechanism of hopping between water molecules and via diffusion as hydronium ions, with the latter mechanism contributing ϳ20% to the overall proton mobility in water. [52] [53] [54] [55] It was also found that the different ionic liquid actuator systems all performed similarly in terms of their displacement response, but the total charge transferred for each system was quite different. This was explained in terms of the negative contribution of ABL expansion to the net bending moment discussed above, although it was taken that boundary layer expansion due to movement of the ionic liquid ions occurs solely due to ion size effects. As discussed by Davidson, 8 the effects of multiple mobile ionic species on actuation will be from a balance of both ion size effects and pressure-driven solvent movement due to changes in the charge density distribution. However, it is quite possible that one effect will dominate the other. Liu et al. 7 also observed that the actuators reached near the maximum strain long before the maximum amount of charge had been transferred. This effect can be explained in the current model framework by taking ␤ Ӷ 1 and assuming that movement of the ionic liquid ions contributes little ͑or none͒ to the observed actuation response.
Since there are several unknown factors that could influence these results, including the electrode configuration, fraction of free ionic liquid ions ␣, relative diffusion coefficient ␤, and the extent of steric effects in determining the composition of the electric double layer when an ionic liquid is incorporated, a general relation describing the performance of an ionic liquid IPT cannot be given. However, the results here suggest the following performance trends to be true: to increase the overall charge transferred, increase ␣, and to increase the electromechanical conversion efficiency for bending actuation, decrease ␣. A decrease in ␣ corresponds to an ionic liquid where less ion pairs are free, and more will tend to stay associated in dipole and quadrupole configurations when a voltage is applied. These interactions depend on the ionic liquid, and on the specific interactions of the ionic liquid with the ionomer. It should also be noted that interactions with the fixed anionic groups of Nafion may cause the ions of the ionic liquid to have very large differences in their transport properties. Specifically, the anion may experience a large barrier to movement through the membrane due to re-pulsive coulombic interactions with the fixed anion groups, which is expected since Nafion is known and widely used for its permselective properties. However, a large ionic liquid anion may be less influenced by these interactions than a smaller anion like Cl − , since the charge on the ionic liquid anion will be more delocalized. An equivalent ͑or better͒ performance increase in the actuation response compared to decreasing ␣ may be given by using an ionic liquid which has an anion that is relatively immobile compared to the cation when placed in Nafion.
In our numerical solutions, the electrodes were not explicitly treated, and a large effective permittivity was defined to increase the boundary layer size and therefore avoid numerical instabilities. The electrodes will have two notable effects on the performance and charging dynamics of an IPT, besides directly affecting the total amount of charge transferred ͑the large microscopic area of the electrodes causes an increase in capacitance of 1-4 orders of magnitude 16 ͒: different microscopic surface areas will results in further asymmetries in charge transport characteristics, 16 and the fractal nature will cause the ion adsorption process to exhibit a range of times scales, which is demonstrated experimentally by a stretched-exponential current decay. 32 The influence of the former on the results can be visualized by considering the potential distribution in the membrane, an example of which is shown in Fig. 6 . Because the ABL ͓which is near x / h =1 in Fig. 6͑a͔͒ will grow as charge accumulates, the total potential drop over the ABL ͑the ABL zeta potential͒ will be greater than the CBL zeta potential. Different microscopic surface areas of the electrodes will effectively alter the bulk potential offset and the boundary layer zeta potentials, which, at equilibrium, determine the leading order results in the limit of thin boundary layers for boundary layer composition and charge transferred. As shown by Porfiri, 16 if the microscopic cathode electrode surface area ͑S − ͒ is greater than the microscopic anode electrode surface area ͑S + ͒, the bulk potential offset will decrease. If S − Ͻ S + , the bulk potential offset will increase. This changes the boundary layer concentration profiles, e.g., S − Ͻ S + will cause the magnitude of the CBL zeta potential to increase and therefore its composition will be given by the result for a slightly higher applied voltage, while the composition of the ABL will be given by the result for a slightly lower applied voltage. The fractal-like structure of the interpenetrating electrodes will also affect the charging dynamics; this effect is briefly discussed in Appendix B. A more detailed discussion in regards to interpreting existing experimental data within our current model framework is given in Appendix C.
V. CONCLUSIONS
We examined the dynamic charging characteristics of ionic liquid IPTs by considering the ions of the ionic liquid in addition to the neutralizing countercation as mobile ions. Using NPP theory, numerical solutions describing ionic concentration, charge density, potential, charge transferred, and current were obtained using the finite element method. The distributions of concentration, charge density, and potential were found to be quite asymmetric through the thickness of the membrane, with distinct differences compared to a waterbased IPT. The results also reveal that the ionic concentration profiles exhibit a nonlinear dynamic response which is dependent on the relative fraction of free ionic liquid ions ␣ and their relative diffusion coefficient ␤. Specifically, the concentration profiles depend on both the charging time scale C = h / D + and the diffusive time scale D = h 2 / D + . The current decay in response to an applied step voltage is also affected by both C and D , with the latter describing the slow decay at long times.
The presence of mobile ionic liquid ions causes the ABL to have an increasingly negative charge density near the anode, whereas when ␣ = 0 the maximum charge density in the ABL will be constant, corresponding to the fixed anionic sulfonate groups of Nafion. This movement of anions into the ABL will reduce the overall bending response of the actuator. As ␣ increases, the total charge transferred increases, but this does not necessarily mean the bending actuation response will increase. This suggests the following trends to optimize device performance: to increase the overall charge transferred, increase ␣, and to increase the electromechanical conversion efficiency in bending actuation, decrease ␣.
It was also shown that NPP theory leads to unreasonable predictions for concentrations at the electrodes when the applied potential is increased to ϳ1 V. To extend the results here to IPT operating voltages, a modified Nernst-Planck theory including steric effects needs to be used. However, the numerical solutions here are expected to be within the range of applicability of classic NPP theory, and effectively highlight some of the differences in boundary layer charging characteristics which are unique to ionic liquid IPTs.
APPENDIX A: FINITE ELEMENT SOLUTION PROCEDURE
For the finite element formulation, first the weak form of Eq. ͑7͒ is derived by multiplying each equation by a test function, , and integrating over the domain. The Galerkin method is used to define the approximation to the solution for each variable and for the test function
where N A are the Hermite shape functions, e A are arbitrary constants, and summation convention is used over indices in CAPS. It should be noted that since a weak form of Eq. ͑7͒ only involves first order derivatives of c j and , linear ͑Lagrange͒ basis functions are sufficient in obtaining a solution using the finite element method. In Ref. 34 Hermite basis functions were used in order to apply a Stern layer boundary condition using multipoint constraints. Considering the other approximations made and since we limit the analysis to low applied voltages, Stern layer effects are omitted in the numerical analysis here. Since the additional computational time needed to use the higher order basis functions is not a significant problem for this one-dimensional solu-tion, the formulation with Hermite basis functions was retained and used to generate numerical solutions. In this formulation, both the variable and its first derivative appear as unknowns. Now, using Eq. ͑A1͒, the system of equations is written as
where, again, summation convention is only used over indices in CAPS. Since Hermite shape functions are used, there are four equations for each element for ⌽ A and ⌰ A i , and i =1-3 for the three mobile ionic species. There is thus a total of eight degrees of freedom at each node, which translates to a total of 16 degrees of freedom per element. The element equations and nodal variables are assembled as The global system of equations is assembled to be G, with global variables q, and the system of equations is written in matrix form G͑q͒ = Mq + r͑q͒ − f = 0. ͑A4͒
The contents of M, r͑q͒, and f are given in Appendix A of Ref. 8 . Since the governing equations are nonlinear, NewtonRaphson iteration is performed at each time step to obtain the values for the nodal variables q. Using the backward difference method, the algorithm involves expanding Eq. ͑A4͒ in a Taylor series about the current approximation for the solution, q , keeping first order terms, and rearranging to get
where is the correction to the current approximation for the solution. A method to calculate the tangent matrix ‫ץ‬r / ‫ץ‬q is outlined in Appendix A of Ref. 8 . Equation ͑A5͒ is solved and the solution for time t + 1 is updated to be q t+1 =q + ͑q ͒. The residual for the current approximation to the solution is calculated as
where n e is the number of elements and m =8͑n e +1͒ is the total number of equations. If the residual is within acceptable limits, the solution for q t+1 is kept and the program moves to the next time step. If ␥ is not acceptable, q is set equal to q t+1 and the process is repeated until the residual is acceptably small. The convergence criteria used in the numerical solution was ␥ Ͻ 10 −8 , and the number of elements for all solution sets was n e = 300. To reach equilibrium, the time-step size was increased after the initial ion movement. This was found to sometimes cause a small numerical error to accumulate such that the residual could not be further reduced, so the program was set to automatically reduce the convergence requirement by a factor of 10 if more than 100 iterations were taken for a given time step.
Since the boundary layers are small compared to the thickness of the membrane, a refined mesh is used which places smaller elements near the electrodes. This is done by using a refinement factor, g, and generating elements with increasing/decreasing sizes proportioned by g n , where n refers to the nth element with respect to either boundary. A refined mesh is needed at both boundary layers since the concentration in both layers will change appreciably when a voltage is applied, so therefore element sizes are defined to increase from −h Ͻ x Ͻ 0 and decrease from 0 Ͻ x Ͻ h. This procedure is defined in Ref. 13 .
The charge transferred and current with respect to time are also calculated within the finite element framework. The charge transferred is calculated by defining an integral operator
so that Eq. ͑9͒ is evaluated using
where q N refers to the charge transferred at time step N. To calculate the current, first define the matrices
where L A are the Lagrange interpolation functions and the interpolation is done over time, not space. Now, the current for each time step is calculated with
Both the charge transferred and current depend on a sum over the different ionic species, and therefore vary directly with the charge density distribution in the membrane.
APPENDIX B: INFLUENCE OF ELECTRODE STRUCTURE ON CHARGING DYNAMICS
The fractal-like structure of the interpenetrating electrodes will have a large effect on the charging dynamics; this was discussed by Aureli et al. 32 in regards to IPT charging characteristics, and has been modeled by other researchers in application to fractal electrode structures in other electrochemical systems ͑see, for example, Refs. 56-65͒. The fractal dimension of the electrodes is often related to the exponent associated with constant-phase element behavior in the electrochemical impedance response associated with electric double layer charging. A stretched exponential fit to the current response in relation to the fractal dimension of the electrode surface was first suggested by Halsey and Leibig. 57, 58 The physical explanation of this behavior is that the fractal electrodes cause multiple time scales to be associated with the charging response, which, when averaged, are exhibited macroscopically as a stretched exponential decay in current. Sakaguchi and Baba found that porous materials also lead to a stretched exponential response. 66 From the numerical results in Fig. 9 , the presence of slow-moving ionic liquid ions cause a current decay which can be approximated as stretched exponential, due to the different time scales of charge transfer associated with the different ions. Because there are three processes in a fully-electroded ionic liquid IPT which may contribute to a stretched exponential response, experimentally determining the extent of multiple mobile ionic species migration is difficult. Our recent work has looked at how the capacitance-voltage relationship of an ionic liquid IPT is affected by the presence of multiple mobile ionic species; this is a measure which could alternatively be used to identify ␣ for different ionic liquid IPTs.
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APPENDIX C: COMPARISON WITH EXPERIMENTAL OBSERVATIONS
To compare our results with available experimental data for ionic liquid IPTs, first recall from the discussion in Sec. IV and Appendix B that the model in its current form cannot be directly applied to an ionic liquid IPT because of the effects of the electrodes in determining the macroscopically observable charging response. A comparison with experimental results for the electrochemical characteristics of ionic liquid IPTs is therefore restricted to phenomenological and qualitative discussions; a quantitative comparison is beyond the scope of the model in its present form. The comparisons in this section also highlight some of the difficulties in establishing a consistent description of charge transport mechanisms in ionic liquid IPTs.
Lee and Yoo 6 tested ionic liquid IPTs in Li + counterion form with four different ionic liquids that had different anions. It was found that a small anion led to a better response in actuation, i.e., higher tip displacement. The electrical resistance of the different transducers, found from the Nyquist plot, was higher for the ionic liquid transducers with larger anions, i.e., ionic conductivity was higher when a small anion was used. However, the transducers with smaller anions had Ͼ25% greater uptake ͑by mole percent͒ of ionic liquid, and all of the transducers were also found to have different water uptakes. From the results in Refs. 1 and 36, the molar uptake of ionic liquid above the critical uptake is the most important parameter in describing ionic conductivity, so the difference in conductivity observed in Ref.
6 cannot be attributed solely to anionic mobility. From a simple equivalent circuit model of an ionic liquid IPT consisting of a resistor and capacitor in series, the resistance ͑times surface area͒ is
The difference in ionic conductivity is best attributed to different values of the counterion diffusion coefficient as well as different values of ␣ and ␤. Unfortunately, these values cannot be identified without additional experimental investigation, such as using alkali-metal NMR to monitor the peak width and relate this to mobility of the counterion, as was done in Refs. 1 and 36. Lee and Yoo 6 also saw that the IPTs with smaller anions had a larger current density for a given applied voltage, which was inferred from a cyclic voltammogram taken by sweeping Ϯ3 V at a rate of 100 mV/s. However, these differences are likely due to the onset of electrochemical redox reactions, as can be seen from the cyclic voltammetry, current discharge response to 3 and 4 V step voltages, and linear sweep voltammetry shown in Ref. 6 . Therefore, an association of current density and discharge rates with free ionic liquid ion content and relative ionic mobility cannot be made without incorporating redox reactions into the model. It should also be noted that water will still exist in the ionic liquid IPT from an equilibrium with room humidity, 8, 50 and this water may be electrolyzed above 1.2 V, although the observed onset voltage of this reaction will be dependent on the catalytic nature of the electrode materials. Therefore, an investigation regarding ionic mobilities and free ionic liquid ion content should reasonably be kept to Ͻ1.2 V if redox reactions are to be ignored. Lee and Yoo 6 also compare the amounts of charge transferred after 5 s for the different actuators in response to 3 and 4 V step voltages, but, again, ionic mobility and free ionic liquid ion content cannot be inferred from this without incorporating redox reactions into the model and accounting for the steady-state current.
In Ref. 7, the actuation and charging response of ionic liquid IPTs with four different ionic liquids was experimentally examined. As discussed in Sec. IV, these experimental results are in excellent qualitative agreement with our proposed model. However, since the tests were done on fullyelectroded IPTs, it is difficult to infer values of C , ␣, and ␤ from the transient charging response. To demonstrate, we fit both simple and stretched exponential models to data for the transient charge transferred obtained for three different IL IPTs from Ref. 7 ͑shown in Fig. 11͒ , and used these fits to obtain the characteristic charging time C . The simple exponential model was used to obtain charging times in Ref. 7 , and has the form q simple = q total ͓1 − exp͑−t / C ͔͒. The stretched exponential model accounts for fractal-like electrode structure and steady state current, and was obtained by integrating Eq. 57 of Ref. where i ss is the steady state current, i a − i ss is the initial current, is the stretching exponent, which is related to electrode structure ͑ = 1 is neat exponential behavior͒, ⌫͑z͒ = ͐ 0 ϱ t z−1 e −t dt is the gamma function, and ⌫͑z , a͒ = ͐ a ϱ t z−1 e −t dt is the incomplete gamma function. The stretched exponential looks to be a better fit to the data, especially with the inclusion of the steady state current. All of the stretched exponential fits had 0.45Ͻ Ͻ 0.5, indicating that the electrodes played a large role in determining the transient response.
The charging times are quite different for the two fits; in 7 were made with 25 m NRE-211, but these should have the same transport properties since both are dispersion cast͒, and h =37 m to correspond to the transducer thickness in Ref. 7 , the charging time is calculated to be C ϳ 0.87 ms using ⑀ =10⑀ 0 . Since the diffusion coefficient of the ionic liquid ions is expected to be smaller than the countercation ͑or of protons͒, this should be an overestimate of the charging time, but the calculation using a local value of ⑀ yields a charging time 3 orders of magnitude lower than that calculated by fitting Eq. ͑C1͒, and nearly 4 orders of magnitude lower than that calculated by using the simple exponential fit.
This poor agreement is likely a combination of several effects, including possible electrochemical redox reactions, the electrode structure, the breakdown of NPP theory at higher applied voltages, as demonstrated in Sec. III D, and the influence of steric effects in determining the structure of the electric double layer. To isolate these differences, tests at low voltages should first be performed; this was done by Aureli et al., 32 where a voltage of 10 mV was applied and the charging time was calculated using a stretched exponential fit. In Ref. 32 , C was found to vary in the range of 1-20 ms, which is in much better agreement with theoretical predictions than the charging times obtained from the fits in Fig.  11 . A similar test applied to ionic liquid IPTs could reveal the charging dynamics associated with different ionic liquids as compared to using water as solvent. Additionally, from the considerations in Appendix B it would be ideal to first test un-electroded samples. With this comparison, it is expected that the ionic liquid would cause more of a stretched exponential current response versus a water-based transducer, as shown in Fig. 9 , and the difference in response could possibly be used to identify ␣ and ␤ for different ionic liquids. 
